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2 (i) M1 Partial differentiation
{ 2x-4y Al (x ( 2x—4y
Normal vector is | —4x + 6y A1 Condone r=| y |+ 4| —4x+6y
'l' — 4= J Al .H:,- .'\ —d: A
4| For 4 marks the normal must
appear as a vector (isw)
(ii) 18
At Q normal vector is | - 44 M1
Y M1 For 18x — ddy 4z
Tangent plane is OF 18x —44y—4z
18x— 44y —4z=306-176 —4 =126 Dependent on previous M1
9x — 22y — 2z = 63 M1 Using Q to find constant
Al Accept any correct form
4
(iv) |Normal parallel to z-axis requires
2x—4y=0 and —4x+6y=0 M1A1 ft
x=y=0; then —2z° —63=0 M1
No solutions; hence no such points A1 (ag) |Correctly shown
4
OR 2x-dy=—d4x+6y, so y= %.‘r
g 3 " ” . Similarly if only 2x -4y =0 used
-4x -2 -63=0, hence no points
M2A2
(v) 2x—4y=54
—dx+ by =—-61
_4z=22 M1A1 fi
__3 y=-3] z=_1
¥=—34, y=-24, : 34 M1 Obtaining x, y, z in terms of 4
Substituting into equation of surface or x=3z, y=4z
G .2 42 31 a2 -
T4 —124° +124 -3 4 —-63=0 M1
A==+6 ..
M1 Obtaining a value of 4 (or

M1

equivalent)
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L R B _
& By - bx” + 34x - 36 B2 Give Bl for 3 terms correct
% =2xy - 45" Bl
(ii) At stational ints = 0 and = =0
When x=0, 3 -36=0 Ml
y=46; pomnts (0, &, 20) and (0, -6, 200 |AlAl If AD, give Al for y=+h
When y=2r, 4x? - 162" —6x + 54x - 36=0 M1
~18x" +54x - 36 =0
x=1,2 MIAIL or y=2, 4
Points (1, 2, 5) and (2, 4, 8) Al Al if any extra points given
(iii) (When x=2, ==2% - 16y + 40
Bl ‘Upright’ parabola
Bl (2, 4, %) identified as a minimum
(in the first quadrant)
When y=4, ==-2x" +11x? - 20x + 20
g o 12¢422=-2 when x=2
dr_
Bl ‘Negative cubic’ curve
Bl (2, 4, 8) identified as a stationary
S .
point
Bl Fully correct {unambiguous
L - i minimum and maximum)
The point 1s 3 minimum on one section and a
maximum on the other; so it 15 neither a Bl
MEAXIMUm nor @ minimum
(v) Require ‘:—: =-36 and ‘:—' =0 Mi i—:: 36 can earn all M marks
ox (5 X
When x=0, r—]f:——Ef: M1
y=0; point {0, O, 20) Al
When y=2x, 4x° -16x" —6x% +54x-36=-36 |MI
~18x" +54x =0 ) _
x=0, 3 M1 Solving to obtain x {or y) or
+=0 sives (0. 0. 20} s < abov Al stating ‘no roots " if appropriate
* gives (0, 0, 20) same as above Al fe.g. when +36 has been used)

=3 gives (3, 6, - T)
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iy [ de L el i M1 Partial differentiation
E_ﬁ_—l[.ﬂ-ﬁj *iz)==2r=4y A1 Any correct form, ISW
%:—4[.r+3_1'+]-:] Al
de _ 3z ma] 2y 18z
I_ﬁx—ﬁ[r+2}+3_}_—|3_1—|3_ A1
(i) ALP. de " f.]_g i g 2% :1: Evaluating partial derivatives at
v ay d=
F £ 4 All correct
Mormal line is r :l-‘r.ﬁ +ﬂ.l—| A1t
3 ) 9 Condone omission of ‘r="
{iv) o ode de
Require = =—==0
€4 dr dy M1
=2x=4y=0 and x+2y+3z-=0
x+2y=0and ==0 M1 Useful manipulation using both
glr,y,2)=0-0"=02125 M1 eqns
Hence there is no such point on 5 Al Showing there is no such point
4|on 5
Fully correct proof
(v) e
Require == 0 M1
de  de _ i dg L.
and ==5—= Implied by ===4, ==35
o ar M1 Plied by = =4 3 =
~dx=8y =121z =5-1r-4y) MA This M1 can be awarded for
=2x=dy=1 and =4x=By=12z=
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2(iy| 2= 2 P i _gd Lng M1 Partial differentiation
o EEI) AGxxty) -+ A2 Give A1 if just one minor error
dz 3
E: Ox{x + v) Al
(ii) : N
At stationary points, == 0 and pol 0 M1
9.1'[.1'1-'1'}‘: =0 = x=0 or y==x
If z=0 then 3,° +24 =0 M1
v =-2; one stationary point is (0, -2, 0) A1A1
If y=-x then -6 +24=0 M1
x =12 stationary points are (2, =2, 32) A1
and
(=2 2. =37 Al If ADAD, give Al for x=+2
(i) d= =
AtPI, -2, 1%, —=24, —=9
[ ) v v B1
i b1 243
o x 24 M1 For normal vector (allow sign
Mormal line is r= _2'-+,I 9 | A1 ft error)
1) -1 Condone omission of ‘r =’
(w)| a= iz d=
— =27 and — =0 Allow M1 for —=-27
a3y M1 ( & )
Or{x+ ¥y =0 = x=0 or y=-x
If x=0 then 3y +2a.4 :_E'F M1
v=1, z=0; pointis (0, 1, 0 A1
d=0 Al
If y=-x then —6x* +24=27
M1

4

x~ =—+] there are no other points

Al
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() |When y=-3, z=3x"+36x-216 Bl
z
\ / Bl Correct shape (parabola) and position
< Bl For (~6, —324)
(-6, -32%)
When x=-6, z=8y"-216y-756 Bl
Zz
Bl Correct shape and position
J BI For (-3,-324)
Bl For (3,-1188)
(3 ~1153) 7| 1f BOBO then give BI for x =+3
(ii) | (=6,-3,-324) is a SP on both sections; Bl
henceitisa SPon §
Saddle point Bl .
(iii) | oz ér 5
= =—12xy-30x+36, 5:24;;”—6f BIBI
Atasp, ==Z—9 M1
dx &y
24y —6x° =0 = y=tlx
y=1x = —6x* -30x+36=0 M1
= x=-6, 1; SPsare (-6,-3,-324)
(I, 0.5, 19) Al
y=-ix = 6x"-30x+36=0 Ml
= x=2,3; SPsare (2,-1, 28) Al
(3.-15, 27) Al
8
iv A= 5= -
™12 150 ma E-0 M1 ( Allow MI for —=-120)
y=1ix = 627 -30x-84=0; D=30"-4x6x84 |Ml
D (=-1116) < 0; so this has no roots Al
y=—1_x = 6x*-30x-84=0 = x=7.-2 M1 Obtaining at least one value of x
- M1 Obtaining a value of k
When x=7, y=-3.5, z=203; so k=637 Al
When x=-2, y=1, z=-148; so k=-92 Al
7
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@ ce_ 2x+2z B1
X
o
% 4y +2z Bl
2—g=—2:+2x+2y+4 Bl
131
ii 0| % 0|
&) Aatp, B p B_ 5 B_ 4 Bl
ax oy oz
-2 ! Ml For direction of normal line
Normal lineis r=| =1 [+ 4| 1 § .
| 5 Al FT Condone omission of r=
131
@) Require @7@:0 Ml
dx  dy
x=-z, y= —%:
2,122 42 2 A _a_ . .. .
T3zt -z =22 - 442 -3=0 Ml Obtaining equation in one variable
Or 52> +8x+6=0 or og
527 -8z +6=0 Al (1=28)
* 102 +8y+3=0or A2 +14=0 =
Discriminant is 64— 120 =—56 <0 M1 | Dependent on quadratic with negative
discriminant
Hence there are no such points El Correctly shown
5]
v . dg _odg @
™ Require ﬂ—g=—g=7‘g (=4) Ml Allow M1 if =1
ox &y oz
2x+2z=4y+2z=-2z+2x+2y+4 Al FT
x=2y, y=2z-2
(42— 4)2 +2(2z—- 2}2 224 44z-3=0 M1 Obtaining equation in one variable
522 -8243=0 Al Or 5x% +8x=0 or 537 +4y=0 Or A2-4=0
Points (0, 0, 1) and (-1.6, —0.8, 0.6) Ml Obtaining at least one point
k=0+0+1or k=—1.6—08+0.6 Ml Obtaining a value of k Implies previous M1 if values of x,
¥, z not seen
k=1, -1.8 AlAl

8]
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(i) oz
Zo6x? +6x+12y Bl
ox
oz 2
—=6y"+6y+12x Bl
oy
oz Oz 5 2
If —=—, 6x" +6x+12y=6y" +6y+12x
ox oy
X - yz -x+y=0
(x=y)x+y-1)=0 M1 Identifying factor (x —y) SC If MO, then give
B1 for verifying y =x
= =1-1
yorory x EIEL B1 for verifying y=1-x
]|
(ii) oz oz
—=—=0 M1 Can be implied
ox ay
5 . o Or quartic, and factorising as
If y=x then 6x° +6x+12x=0 Ml Obtaining quadratic in x (or ) x(linear)(quadratic)
x=0, -3 Ml Obtaining a non-zero value of x
Stationary points (0, 0, 0) and (-3, -3, 54) B1Al Condone (0, 0) for Bl
If y=1—x then 6x° +6x+12(1-x)=0
X -x+2=0 Ml Obtaining quadratic with no real roots
Which has no real roots (D =-7<0) Al Correctly shown Just stating "No real roots” M1 A0
171
(iii) & 21 8z 21 - -~
AP, —=—, —="— M1 Substituting into — or — Correct value, or substitution seen
[2: 2 9y 2 Al Ox oy
oz
Szx—O0x+—0 M1
e: %) Y
w= ﬂh + 2}: Al ft
2 2
< Al
21
(iv) 8z oz o B
E_En M Allow sign error 24} is MO unless A =+1 appears
ox oy later
If y=x then 6x% +6x+12x=24 M1 Obtaining quadratic in x (or ) Or quartic, and one linear factor
x=1, -4
Points (1, 1, 22) and (-4, —4, 32) AlAl If neither correct, give Al for x=1, —4
If y=1—x then 6x2 +6x + 12(1-x)=24 M1 Obtaining quadratic in x (or y) Or third linear factor of quartic
x=2, -1
Points (2, —1, 5) and (-1, 2, 5) AlAl If neither correct, give Al for x=2, —1
171
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@ a—g:2x+6:—4—y Bl
ox
a—g:6y+2:—4x Bl
ay
& =4z+2y+6x Bl
oz
131
(i Atp, B _ 30 %8 _oy %2 _ g Bl
ox ay 0z
2 -4 M1 Direction of normal line
Normal lineis r=| 6 |+1| 3
) 2 Al FT Condone omission of “r="*
13]
() Require % = % =0 Ml
ox Oz
2x+6z—4y=0 and 4z+2y +6x=0
y=-x, z=-Xx Ml For (e.g.) y and z as multiples of x
43t 4202 +2x2 —6x2 +4x2 —24=0 Ml Quadratic in one variable
6x2—24=0 Al In simplified form
Points (2, —2, —2) and (-2, 2, 2) AlAL If neither point correct, give Al for any
T r four correct coordinates
16]
) 2x+6z-4y 10 M1 Allow M1 even if A1=1
6y+2z—4x |=1]| -1
4242y +6x 2 ATFT
y=3x, z=-5x Ml For (e.g.) y and z as multiples of x Or x:—%ﬂu, y:—%/l, z:%




