this chapter you will learn how to:

work with functions of two variables
sketch sections and contours
find first and second partial derivatives

Section 1: Three-dimensional (3-D) surfaces

Key point 5.1

In three dimensions (3-D) a surface is described by the form:

z = f(z,y) or g(z,y,z) = ¢, where ¢ is a constant,

i.e. the height z above the =y plane is found directly or indirectly from the given equation. Conventionally, the z—y plane is
horizontal and the z-axis is vertical (using the right-hand system).

Plotting all possible points gives the surface.

Sections: these are cross-sections of the surface for defined values of z or y:

i.e. graphs of z = f{a,y) or z = f(z,b) for specific values of a or b.

Contours: these are effectively a plan view of the surface looking from above the z—y plane for defined values of z (as on an
Ordnance Survey map):

i.e. graphs of ¢ = f(z,y) for specific values of c.

Multi-variable functions: it is possible to have more variables such as w = f(z, y, 2), where w is a variable.

EXERCISE 5A

In this exercise you are encouraged to use graph plotting software or a graphical calculator.

For the surface z = 2% + y*:
a on separate diagrams, sketch the sections i z — z® and ii z = y*

b draw the contours for z? + y* = ¢ for ¢ taking values 1,4,9 and 16.

For the surface z = 2 + 0y%:
a on separate diagrams, sketch the sectionsifory—=0andy=1iiforz =0and z =2

b draw the contours for z? + 9y = ¢ for ¢ taking values 0,1,4,9 and 16.

A surface has equation z — 22 — 9.
a Sketch the section with y = 2 and state the coordinates of the points of intersection of this section with the plane z = 0.
b Sketch the section with z = 4 and state the coordinates of the points of intersection of this section with the plane z = 7.

c Draw the contours for 2 — y? = ¢ for e taking values 0,1,4,9 and 16.

A surface has equation z — (z + )°.

a Sketch the sections with y =0, y = 1 and y = —3. Where the sections intersect the z—y plane find the coordinates of the points
of intersection.

b Draw the contours for (z + y)* = ¢ for ¢ taking values 0,1,4,9 and 16.



o A surface has equation z = (z — y)g.

a

b

Sketch the sections with z = 0, = 2 and = = —1. Where the sections intersect the plane z = 4 find the coordinates of the

points of intersection.

Draw the contours for (z — y)? = ¢ for ¢ taking values 0,1,4,9 and 16.

o A surface has equation z = (22 — 2)’.

a
b

C

Determine whether the point (3,1,64) lies on the surface.
Find whether the point (5,4, 80) is on, above or below the surface.

Draw the contours for (z? — y2)2 = ¢ for ¢ taking values 0,1,4,9 and 16.

o A surface § has equation z = 25 — (z? + 9?).

a
b

[

On separate diagrams, sketch the sections i for y = 0 and ii for z — 4.
Find a point on S which lies in the = — y plane.

Draw the contours for 25 — (z? + 3?) = ¢ for e taking values 0,1,4,0 and 16.

o For the surface z = /= + /3:

a

b

on separate diagrams, sketch the sectionsi z = /T and ii z = /7

draw the contours for /& + /7 = c for ¢ taking values 1,4 and 9.

o For the surface z = x2y?:

a

b

on separate diagrams, sketch the sectionsifory=1andiiforz =1

draw the contours for z%y? = ¢ for ¢ taking values 1,4,9 and 16.

@ For the surface z = 2% + y°:

on separate diagrams, sketch the sectionsifory=3andiiforz =4

verify that the two sections in a intersect where z = —4 and y = 3 and state the coordinates of the point on the surface of this

intersection

draw the contours for z? + 4* = ¢ for ¢ taking values 1,4,9 and 16.

@ For the surface z = e*'¥;

a

b

on separate diagrams, sketch the sectionsifory=0andiiforz =0

draw the contours for e®'¥ — ¢ for e taking values 1,4,9 and 16.

@ A surface S has equation z — 2% + zy + .

a

b

Draw sections of Sfory=0,y= -2, y=2.

State which of the sections in a intersect the plane z = 0.

@ For the surface z = ze¥:

a

b

on separate diagrams, sketch the sections i fory=0and ii forz =1

draw the contours for xe¥ = ¢ for e taking values 1,3 and 5.

@ For the surface z = In(zy):

a

b

on separate diagrams, sketch the sectionsifory — 1andiiforz —1

draw the contours for In(zy) = ¢ for ¢ taking values 0,1 and 4.

@ A surface S has equation z — % + 3zy — 32.

a
b

C

Sketch the sections of S when z = 3 and =z = —3.
State which of the sections in a intersect the plane z = 0.

Use a graph plotting package to sketch the contour of § when 2z = 0.

@ The surface S of a three-dimensional object has equation z = z® + 32%y + 3* + 3.

a
b

C

State the equation of the section of S for which y = —1 and sketch this section.
Find the coordinates of the points where the section intersects the plane z = 0.

Find the coordinates of the turning points on this section of S.



Q For the surface z = sin(z) + sin(y):
a on separate diagrams, sketch the sections wheniy— Zandiiz ==
b draw the contours for sin(z) + sin(y) = cfore =10
c use a graph plotter to draw the contours for sin(z) + sin(y) = 0.5 and sin(z) + sin(y) = 1.

2 2 2
@ For the surface % + % + . 25:

_ ) o az? 22 o e
a on separate diagrams, sketch the sections i T + T 25 and ii o + T 25

2
b draw the contours for % + % + %= 25 for ¢ taking values 4,12 and 16.
2 2

T v
For th rf o — =
@ or the surface z 5 7

a on separate diagrams, sketch the sections i fory — O andiiforz — 0

zl.2 2
b draw the contours for ¢® = T + % for e taking values 2,3 and 4.
2 2
@ For the surface, 2% = % + % —1:

a on separate diagrams, sketch the sections i fory =0andiiforz =0
2 g2
b draw the contours for ¢ — T + 5 1 for ¢ taking values 2,3 and 4.
1’2 2
e For the surface 2% = vy + % +1:

a on separate diagrams, sketch the sections withiy=0,y=3andy=6andiiz =0,z =1andz =2

2 2
b draw the contours for ¢2 — % + % + 1 for ¢ taking values 0,1,4,9,16.

Section 2: Partial differentiation

If a 3-D surface has equation z = f = f(z,y), then:

af
£ = = differentiate f with respect to z, assuming v is constant
which gives the rate of change on the surface of z as = changes

of
f, =§y = differentiate f with respect to y, assuming x is constant

a ([ of &P
—— (—) — —> differentiate f, with respect to z, assuming v is constant

ox \dz) o2
a fof &t
—=— | — | =— = differentiate f, with respect to y, assuming « is constant
=3y (ﬁm) o J
g (Bf) 732{ diffi tiat ith ct t i i tant
Ny e o
o o \ oy prrw = differentiate f;, with respect to =, now assuming v is constan
i B(Bf) ot = diffi tiate f; with ct t i i tant
= =) == ifferentiate £, with respect to ¥, now assuming z is constant.
ay \ oz Oydz
Note: the mixed derivative theorem for most well-behaved, continuous functions, states that:
foy = f

EXERCISE 5B

For questions 1 to 15, find a f;, b f,, c f;; and d f,,. Also show that f;, = f,;.

f=a® +y* + 3x2y?

f—a%y? —at 4yt

f— (a+47)
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f= (2" — o)
1

f=(2z+2y—2%—1?):

f=2r+ 12y +2

Tt 42
Yy +2

f—e™'v

f = In(2xy)

f = z2y%In(zy)

f = cos(x) + cos(y)
f = cos(z)sin(y)

f— E!:;i.uz €Os Y

g &+ &
Given that 2z — 4 = 3z2 + 5y® + 4zy, find 22 and —; and show that ——

Fz

ar? Ay azdy  dydr

If f = 2* + o° + 3xy, show that, at the point (-1, -1,1):

w

£, -0
b f,=0
c f <0
d f, <0
€ fuly — ()’ > 0.

Show, for the point (1,1, —2) on the curve z = z* + y* — 2z* — 2y, that:

a &>0
a2

b &>0
D2

¢ i (Z2y,
T2 2 Bz dy

If f = zyln(z — y), show that, at the point (1,0,0):
a f:=0

b f,=0

€ Loty — ()" <0

Given that f = 2% + y® + 23 + 322y + 3y2z + 3222 + 22222, find:



Section 3: Stationary points

A EXERCISE 5C

A surface S has equation z = z? + ¢%.

Find the coordinates and nature of the stationary point and show that it is a minimum.
Find the coordinates and nature of the stationary point on the surface z = 4 — (2 + ?).

A surface S is defined by z = z? — 4?. Show that the only stationary point is a saddle point.
Find the coordinates and nature of the stationary point on z = z* + 4* — 6xy.

Find the coordinates of the four stationary points on z — 322y — 3z? — 63 + y* and determine whether each stationary point is a
maximum, a minimum or a saddle point.

Show that f(z,y) = z* — 22% + * has three stationary points.

Find the coordinates of each stationary point and determine whether each is a maximum, a minimum or a saddle point.

° The diagram shows a stand used in a museum display.

The surface of the stand is given by the equation z = 2% + y*> — z?y%. Show that the stand has four saddle points and one
minimum stationary point.

Find the coordinates of all these points.

o A modern building has a roof surface with equation:
z=2z% 327 12z + 3 — 3.
a Find the position of the highest point and the lowest point on the roof.

b The roof has two supports placed at the saddle points. Find the coordinates of the saddle points.



A design department of the manufacturer of corn snacks produces a template of the following shape:

This surface has the equation: z = z* + 3z%y — 3y — 5 and it has two stationary points.

Show that the coordinates of these are (—1,0.5,—6) and (1,—0.5,—4) and determine whether each point is a maximum, a
minimum or a saddle point.

Show that f(z,y) = z* — 22 + y* — 2¢? has nine stationary points.
Verify that four of these are saddle points.

For the other five points, determine whether each is a maximum or a minimum stationary point.
Find the coordinates of the stationary point on z = ™ and prove that it is a saddle point.
Given that z = ¢**+¥*, show that there is a minimum stationary point at (0,0,1).

A roof light has a surface given by the equation z = e &*1") for —1 < o < 1 and —1 < y <= 1, where all lengths are in metres.
a Show that the roof light has a maximum height of 1 m and that this occurs at its centre.

b Sketch the section of S for which y — 0.

c Draw a contour map for S for z values 0.5,0.25,0.1 and 0.01.

Standing waves in a water tank can be modelled by the equation z — cos(z) + sin(y). Show that the surface of these waves

bounded by 0 £ =z < = and 0 < y < m has two stationary points. Find the coordinates of these points and determine whether
each is a maximum, a minimum or a saddle point.

Find the coordinates of the stationary points on z = zy + In(z? + y?) and determine whether each is a maximum, a minimum or
a saddle point.



@ To reduce drag the nose cone of a Formula 1 racing car looks like the one in the diagram.

4

Given that the equation of this surface is z = 22 + y* + e, show that there is a minimum stationary point at (0,0,1).

@ Show that z = z* + ¢® — 3z — 3y has two saddle points, one maximum stationary point and one minimum stationary point.

Find the coordinates of all these points.

® A surface S has equation z — ™% 4 ™%,
a Show that the (z,y) coordinates (—%,D), (—%,n’), (%,O), (%,rr) give stationary points on §.

b Determine whether each is a maximum, a minimum or a saddle point.

@ Show that (0,0,0) is a stationary point on z — 22 + y* — 2kzy (K* £ 1).

Determine the type of stationary point depending on the values of k.

@ A surface C has eguation z = cos(z) cos(y) for —27 < ¢ < 2x and —27 < y < 2r.

Show that C has maximum turning points at (0,0), (+m, +m) and (£2x, +2x) and minimum turning points at
(0, +m), (£2m, £7), (£m, 0) and (L, +27).



o Section 4: Tangent planes

P\ Key point 5.4
_

For a 3-D surface with equation z = f(z,y), the equation of the tangent plane to the surface at the point (a, b, f(a,b)) is:
z =1f(a,b) + (z — a)iz(a,b) + (v — b)fy(a,b)

<

This is the
tangent plane

-v

X

The tangent plane is a 3-D version of a tangent to a curve.

EXERCISE 5D

Show that the equation of the tangent plane to z = &2 + y* at the point (3,2,13) is z = 6z + 4y — 13.
A surface S has equation z = 2 — 2. Find the equation of the tangent plane at the point where =2 and y = 3.
Find the equation of the tangent plane to z = 2z + y* + 322y at the point (4, -1, —-31).

Show that the point P(2,1,12) lies on the surface z = z* 4+ 2z + 3 + * — 2zy.

Find the equation of the tangent plane at P.

Show that the equation of the tangent plane to z = (27 + y’)z at the point (2, 2,64) is z = 64z — 64y — 102.
Find the equation of the tangent plane to z = 322 + 23 — zy + 6 at the point where z = —1 and y = 1.

Find the equation of the tangent plane to z = 23 + ¢® + 2%y® — 3z — 5y at the point where z — 2 and y — 1.
Find the equation of the plane that is tangential to z = % at the point (4,2, 2).

1
+2 at the point where z =2 and y = 4.

Find the equation of the tangent plane to z = z

A surface has equation z = (z + 1)2l (y+ 2)5. Find the equation of the plane that is tangential to S at the point (3,7,54).
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Show that the equation of the tangent plane to z — ¢ '%* at the point where z =1 and y = 1 is z — e*(2z + 2y — 3).
Find the equation of the tangent plane to z = y%e*” at the point where z = 1 and y = 2.
Show that the equation of the tangent plane to z = In(z + y | 2zy) at the point (4,1,1n13) is 13z = 3z + 9y — 21 + 13In13.

Find the equation of the plane that is tangential to the surface » = cos(z) + cos(y) at the point (IJ, %, 1).

Given that a surface S has equation z = cos(z)sin(y), find the equation of the plane that is tangential to S at the point where z =

and y=£.

Show that the equation of the plane that is tangential to the surface with equation z = z* — 42%y? + y* at the point (2,1) is
16

Show that the point (1,2,2) lies on the plane that is tangential to z — zy + e*Iny at (0,1,1).

Determine whether the plane re | 1 | = 2is parallel to the plane that is tangential to the surface z = cos(zy) + « + y — 2 at the

point where z =0 and y = «.

Find the equation of the tangent plane to z = tan(z)tan(y) at the point where z = 0 and y = %

A surface S has equation z% + y* + 22 — 50.
a Show that the plane that is tangential to § at the point (3,4,5) has equation 3z + 4y + 5z = 50
b Sketch a section of 8 for which y = 0.

c Sketch a contour diagram for values of z € {1,3,5,7}.

Mixed practice 5

o A curve has equation z = 4z® + 0y°.

a Sketch sections:

b Sketch contours for 42 + 9y* — ¢, where ¢ — 1,4, 9.

o Show that z?—; +'y% =0 for:

v u—
- 3 (u o
= t that — [— )| = ——
a , "oting tha (U) =
¥ . a 1z
bz tan 'Z noting that — (tan 'z) — =
z — tan ' — noting tha (tan 'z) T

Find the equation of the tangent plane to 4z = 25 — 32® — ¢ at the point where z = 2 and y = 1.

Show that the curve z = 22 | 242 | 2z — y has a minimum turning point at (- 1,0.25, 1.125).



A surface S has equation z = f(z,y) where f(z,y) = z* — 3z%y + 3y%.

Show that S has a saddle point at (1,0.5,0.25).
Find the equation of the tangent plane to z — zy? at the point where z — —5and y — 1.

It is given that f(z,y) = e (2 1u*)
a Show that f,, — 4zye (=197,
b Find the stationary point on the surface z = f(z,y) and explain why it is a maximum, minimum or saddle point.

c The surface has sections z = f{a,y), where a is a constant greater than zero. Find, in terms of a, the coordinates of the
turning point of this section. Sketch this section.

A surface has equation z = f(z,y), where f(z,y) = 2% + ® + l
Ty
a Find the stationary points on the curve and determine whether each is a minimum, maximum or saddle point.

b Sketch a section for which y = 1.

An open-topped box has volume 1m®. Its base has dimensions z x y and its height is z.
a Find an expression for the surface area in terms of =z and y.

L
2

L
3

b Use partial differentiation to prove that the surface area is a minimum when z = 2%, y=2% and z =

P

Find the equation of the tangent plane to zy + yz + zz = 11 at the point where z = 1 and y = 2, writing your answer in the
form f(z,y, z) = k, where k is a constant.

Su A 2uly® + zv?
Given that v and v are functions of z and v and that uz = vy, v’y = vz?, find — and show that — = —————.
v vy dz dr  y(2uy® — 2vx?)



