Matrices — Post 2018 Mix — Mark Scheme

(@) 6-1 -2 2
A-all=| 2 3-1 -1 |=(6=2)[.]-(-2[.]+2[.]=- Ml | LIb
2 -1 3-4
(6-2)((3-4) -1)+2(2(2-3)+2)+2(2-2(3-2))(=0)
_ Al | LIb
(4°-1247 +364-32=0)
=(A-2)(A +.A+..) M1 2.1
=(4-2)(4*~104+16)=(1-2) (4-8)= 2=2is a repeated At | 22
eigenvalue *
A=8 Bl 1.1b
(5)
(b) 6 -2 2 X 6 -2 2 X
-2 3 -lv=2jy|or|-2 3 -l|v=8|y|>v= M1 1.1b
2 -1 3 z 2 -1 3 z
2
Obtains any multiple of | =1 | for A =8 Al 1.1b
1
Obtains any (non-zero) multiple or linear combination of
-1 1 0
Oflor|2or|l|forA=2 Al 1.1
2 0 1
Obtains a different linear combination or (non-zero) multiple of
-1 1 0
different vector from | O|or|2|or |l |for A=2 Al 3-1a
2 0 1
@)
(©) Forms a matrix with their eigenvectors as columns M1 1.2
-1 1 2
Eg.| 0 2 - Alft | L1b
2 0 1
)

(11 marks)



(a) Sight of det(M—AI)=0 Bl | lLla

1-4 k -2

2 4-1 1 |=0=>

1 5 3-4 M1 1.1b
(- D[(4-A)3-2)-2]-k[2G3- 1) -1]+(-2)[4—(-4-2)]=0
= (1-ANA+A-14)-k(5-24)-16-24=0

a-2x )-k(5-24) A | a1
= A -2k +13)A+5(k+6)=0*
3)

'b) (i) £5(k+6)=5=k=...or (-12-2)—k(6-1)-2(4+4)=5=k=... M1 1.1b
k=-7 Al 2.2a
(ii) Hence by the C-H theorem M° +M —5I1 =0 M1 2.1
Multiplying by M gives M2 +1-5M "' =0=>M™" = ... M1 3.1a

T
So M _E(M +1) Al | Llb
-15 17 -15 1 00
==/ -5 4 -5 |+/0 1 0f|= M1 L.1b
8 9 9 001
14 17 3
14 17 -15 s 5
=é -5 5 -5 )or| -1 1 -1 Al 1.1b
g8 -9 10 8 9 ’
5 5
@)

(10 marks)



. 5 2 5y 2 =2 2
a)(i
@® 0 3 pjll|=3-2p|=-1x|2p-3
-6 6 4|2 2 -2
Corresponding eigenvalue is —1 B1 I.1b
(1
a)(ii) 2p-3=l=p=.. M1 1.1b
p=2% Al* 1.1b
2
1)(iii) 5-4 -2 5
det 0 3-2 p|=0
6 6 —4-1 M1 1.1b
:>(5—,»‘1‘.)((3—,»‘1‘.)(—4—;1)—12)—(—2){12)+5(6(3—i))=U
=4 -4 +2+6=0 Al | LIb
=(A+1)(AT=5446)=0=(A+1)(A-2)(A-3)=0
(=(3+1)( )=0= (4+1)(2-2)(2-3)=0) AL | Lib
Eigenvalues are (—1), 2 and 3
3x=2y+5z=0 2x=2y+5z=0
Either  y+2z=0 or z= =>x/ylz=.. M1 2.1
—bx+6y—6z= —6x+6y-=Tz=0
3 1
Either k| 2 | (for A=2)or m| 1 | (for 1 =3) Al 1.1b
-1 0
Ix-2y+5z=0 2x-2y+5z=
Both  y+2z= and z= =x/ylz=.. M1 2.1
—6x+6y-6z=0 —6x+6y-=Tz=0
3 1
Both k| 2 | (for A=2)and m| 1| (for 4 =3) Al 1.1b
-1 0
(7)
(b) 2 3 1 -1 0 0
EgP=|1 2 ljlandD=|0 2 0 Bift | 2.2a
-2 -1 0 0 0 3

(1)




@) 1-A4 0 a
-3 b-2 1
0 1 a1 M1 I.1b
=A-D[B-D@—-D)—-1]+a(=3)(=0)
AB—(a+b+DA2+(a+b+ab—1)1+Ba+1—ab)(=0)
oe ) Al | LIb
A +(a+b+ DA -(a+b+ab—-1DA+(ab—3a—-1)(=0)
0.e.
A= a+b+1=7 anddl= a+b+ab—-1=13
Solves simultaneously e.g. a+b = 6,ab =8 M1 3.1a
For example: leadingtoa? —6a+8=0=a=...
a=2,b=4 Al I.1b
c=-1 Al 2.2a
(5)
b) M3 — 7M?2 + 13M + 'theirc'I =0 Blift 1.1b
I=M3—7M?+13M =M =M? —7M + 13I]
1 0 2\2 1 0 2 13 0 0
=>M'1=(—3 4 1) —7(—3 4 1)+(D 13 0):...
0 1 2 0 1 2 0 0 13 Ml | 3.1a
1 2 6 1 0 2 13 0 0
=(—15 17 0)—7(—3 4 1)+(0 13 0):...
-3 6 5 0 1 2 0 0 13
7 2 -8
M-1=(6 2 —7) Al 1.1b
-3 -1 4
3)

(8 marks)



(a)

-1-4 a
det =0=(-1-4)(8-1)-3a=0=...
eL ; 3_,1J (-1-2)(8-1)-3a Ml | Llb
A'=T74-3a-8=0 oe. Al 1.1b
(2)
b) A -TA-3al -8I=0= A’ =TA" +(3a+8)A Ml | Llb

= A’ =7(7A+(3a+8)1)+(3a+8)A
Or

-1 &Y -1 a
A= 8+3

{3 SJ +(8+ a)( 3 SJ Ml 2.1

_7 14 3a Ta N —8-3a Ba+3a’
21  3a+64 244+9a 64+24a
=> A =(3a+8+49)A+7(3a+8)I=3a+5T=1=a=..
Or
b-1 a 18a-1 3da"+57a
= = eg3=171+% =a=..

{3 b+8] [1?1+9a 512+ 27a & ML | L1b
Or

-1 2
A3=[ a]+ 18a  3a"+36a|_ o 18a=504+2Ta=a=..

3 8) (168+9a 504+27a
:a:—?,b:—ﬁé Al 1.1b

)

(6 marks)



@ | Finds the characteristic equation (2—2)"(4-4)~(4-2) =0 M1 | 21
So (4-ANA —44+3)=0 so 2 =4* Al* | 2.2a
Solves quadratic equation to give M1 1.1b
A=land 1 =3 Al 1.1b
4)
b) U ses a correct method to find an eigenvector M1 1.1b
0 1 3
Obtains a vector parallel to oneof | 0| or [ 1| or | -3 Al | 1lb
1 1 1
Obtains two correct vectors Al 1.1b
Obtains all three correct vectors Al 1.1b
@)
(©) Uses their three vectors to form a matrix M1 1.2
0 1 3 or
0 1 -3 other correct answer with
L 11 columns in a different order Al 1.1b
(2)

(10 marks)



