Recurrence Relations — Post 2018 Mix — Mark Scheme

(i) | (2) | Characteristic Equationis 4> —1.34-03=0 M1 L.1a
= A=15,-0.2 Al 1.1 BC
= General Solutionis X, = Ax1.5" + Bx(-0.2)" Bl 1.2 FT their As
Use of Xy = 12 and X = 1 to obtain equations in 4, B: M1 11
ie.12=4+B&1=1.54-0.28 -
Solving = 4=2, B=10 M1 1.1 Eqns. solved simultaneously (e.g. BC)
Solutionis X, =2x1.5" +10x(-0.2)" Al 25 cao  brackets required
[6]
(b) | For large n, (-0.2)" — 0 B1 3.1b
so X, = 2x1.5" which is of the form & ', hence a GP El 2.2a OR 3x1.5""", of the form a "', hence a GP
) [MUST have some explanation that this is a GP]
121
(i) | (a) | Tabulating the given sequence (or using calculator equation solver) M1 3.1a | BC or manual calculation
X, =862880<1000000 and X,; =1294320>1000000 son=33 Al 3.2a | Properly justified
121
(b) X, =2x1.5" > 1000 000 M1 21 Attempt at solving (logs not essential)
log 500000
n> 22 _3236.. son=33 Al 1.1 | Properly justified
logl.5
121
@ Aux. Eqn.is 42— 104+ 1=0 = i=5+24 or 5£246 ?:11 11-‘1“
Gen. Soln. is then #, = A(S + 2\/5)” + B(S — 2\J%T B1 1.1 FT their two values of 2
_ 131
(i) | (a) | (g 1=1{1,549,485 ...} and {b,}={0,2,20,198, ...} Bl 1.1 | All highlighted terms required
11
®) | =1 a,=5= 1=4+8 and 5=5+B)+(4_B) 26 Ml 1.1a
= 4A=B= % le. @, = %(5+ 2\}’6)! + i(ﬁ - 2\/6)” Al 1.1 Sim. eqns. may be solved by GC, for instance
by=0.b, =2 = 0=A+B and 2=5(4 +B)+(4-B) 2:/6 M1 Lla
1 1 1 1 d
> Ad=-B=—= ie b, =—=5+ 2\/8 ——=\5 72\/5 Al 1.1 Sim. eqns. may be solved by GC, for instance
e b 2vef —=b-246)
Either 1 3.1 The shorthand is helpful b
Calling a= 5+ 2«]% and f= 5—2«]’5 and substituting both in M - ¢ shorthanc.is he'p ut not necessary
(a,) ~6(b, V= Lo +2(ap)" + B} -6x Lla® —20ap) + >} | a1 | 21
= (eff)" =1, by the “difference of two squares” (or product of roots) Al 2.5
Al 2.2a aff =1 must at least be stated
or (a, ~6(6, = (a, ~6b, fa, +ob,) i
:%{a"+,B"—a"+ﬂ"}.%{a"+ﬂ”+a"—ﬁ’"} l?:ll
= (aff)" =1 as above Al
(i) | (c) | Either
For large n, (a" )2 ~ 6(5” )2 M1 2.1
= 2546 Al 2.1
Or
[Bl<1 = a, > ta" and bnaﬁa" M1
1
so that 2 % = \/g Al
N

121




3.

(@) | u2=13, u3=53, us=213 B1 1.1 All three
[1
(ii) | (Auxiliary Equation is m —4 =0)
s0 that Complementary Solution (CS) is u, = A(4") Bl1 12
Particular Solution (PS) is u,=a with ¢ —4a=1 1.e. PSis u,= —% B1 1.1
(General Solution is u, = A(4") -+) BIFT L1 FT provided CS has | arbitrary constant, PS
3 N none soi
Using n =1, u; =3, to find the value of A M1 1.1a
u, = 2(4")- 4 orequivalent Al 1.1 or A= %
151
(i) Characteristic Equation is A2 —-41+4=0 M1 L.1a
= A =2 (twice)
and General Solution is u, =(A+ Bn)x2" Al 1.1
uy=1and u, =1 = 1=Aand 1 =2(4 + B) M1 1.1 Substitution of first two known terms
=>A4=1,B=-1 and u = (1 ¥%,,)x 2" A1 FT 1.1 FT correctly solved sim. eqns.
141
(ii) So u, =(2—-n)x2"" M1 3.1a Do not penalise lack of checking for
and both parts of the product are integers so u,, E1 24 uo= 1 since this is given
is an integer 3 i
12]
@ |@ N =N LN2 oL _ B1 3.4
Ny =N, =35N, =355 N,” or 75N, (150N, )
Let M be a steady state value, then M1 2.1
1 — =
M (150~ M) =0
M =0or 150 Al 1.1
13]
- 1 :
(i) |(b) N, —N, *ﬁM(lSO_M) M1 1.1 so1
N, €(0,150) = 75 N, €(0,%) Ml 2.1
Therefore, since 150—-N, >0
We have that N,,; — N, <150—N, El 2.2a
13]
i |(c) N, increases to approach 150 in the long B1 34 For *“150”
term, without oscillation B1 3.4 | For “without oscillation™ oe
12]
u, =3 11a M1 Use of the given r.r. (with at least u, correct)
iy =038 1.1 M1 Repeated use of the given r.r. (with at least; correct)
, =0.6, ug=2 and uz =5 1.1 Al u,, Us & U correct
Explanation that 2, = U and u; = u, = periodicity, period 5 24 El (since a second-order r.1.)

141



(a) PSis T, =-29 1.1 B1 Particular Solution
CS from 4242 =0, A=2i \/E Js O .4(i\/§), . B(— l\/})- ll..lla l;lll f()orl;r\elzltcmcntary Solution attempted from auxiliary equation;
General Solution is 7, = A(iﬁ)' T B(— iﬁ)' -29 1.2 B1 FT GS = CS (with 2 arbitrary constants) + PS (with none)
Use of Ty =27 and 7} = 27 to create simultaneous equations in 4, B Lla M1
Two correct equations: A+B=2 and 4-B= — 28iV2 L1 Al Or unsimplified equivalents
Solving attempt at two equations: 4 = 1 —14 iV2 and B=1+14iy2 Lla M1
ie. T, =(1-14iv2)iV2) +(1+14i2)-iv2) 29 1| AL feso
Alt. version
PSis T, =29 B1 Particular Solution
2o o : = n : M1 Compl y Solution pted from auxiliary equation;
CS from A2+2=0, A=+i/2 ,is T,,—(\/E) (Ccos-’gHDsm-’gl) N s
General Solution is (\/5)'l (Ccos% + Dsin%) -29 B1 FT GS = CS (with 2 arbitrary constants) + PS (with none)
Use of T;) =-27 and T, = 27 to create simultaneous equations in C, D M1
Two correct equations: € —29=-27 and \2D-29=27 Al Unsimplified
Solving attempt at two equations: C=2 and D= 28\/5 Al
L6 T= (ﬁ)"(Zcos-"ZJi-é-ZSﬁsinﬂzl)—w Al | cao
181
(b) Substituting n=20 = ) ) )
T,y = (l _14 h/E) x1024 + (l 14 1\5) %1024 —29 21 M1 Or by applying the given recurrence relation (e.g. BC)
=2048 -29=2019 B ) Al
12]
Aux. Eqn.is m>—5m+4=0 = m=1,4 M1 11
= Gen. Soln. i1s Ho=4 + B x 4" Al 1.1
Ho=3 = 3=4+B and Hi=7 = 7=A4+4B M1 1.1 Use of initial terms
=>A4=3, B=% M1 1.1 Solving simultaneous eqns. in 4 and B
giving H, =§(5+4’”‘) Al 1.1
151
k
(a) For constant sequence, set 2 = ) (from u, =u,) Ml l.1a
+
= k=16 Al 1.1
12]
k 8k
== ted t =2 L
(b) “s 6+ k 48+k equatectio M1 3.1a | U, correct (simplified) and set = 2
8
Solving fork = 96 +2k=8k = k=16 Al L1
But this is the condition for { u, } constant, so the sequence is never . . .
L. . Al 23 | Correct conclusion stated with supporting reason
periodic with period 2
131
u, = k = k(k +48) , Us= k = k(14k +288) M1 L1 u, and us attempted in terms of &
(c) ek 288+14k s KE+48) 12 132441728 | | At least ¢ (simolified
Bk 288 + 14k east u, correct (simplified)
For {u, } periodic, period 4: u; =1, u; must have been worked out and an algebraic
= 14k + 288k = 2% + 264k + M1 3.1a .
3456 expression equated to 2
120 +2k—288) =0 = (k—16)(k+18)=0 Ml 1.1 Solving a quadratic eqn. in k&
=_18 Al 22a | Correct (single) answer only
151




a An+1=0.964,+40 and 4o = 1000 Bl 33 | or 4n=10.9645-1 + 40 and 4o = 1000
I
80, 1.e. 8% of adults lost linked to the 0.92
b | i | (noting that the 1000 and 40 remain the same as before) B1 21 | AG
An+1=0.924, +40 and 4o= 1000
I
ii | PSfromAdn+1=An=a 1s 4x=3500 B1 1.1
CSis 4n=Cx0.92" Bl 1.1
Soln. from GS: 4. = C x 0.92" + 500 with 40 = 1000 M1 L1
An =500 x 0.92" + 500 Al 1.1
14]
... | An decreases, stabilising at a constant 500 B1 4 Not required to say “monotonic decreasing”, since
i An— 500 " | only long-term behaviour asked-for
I
¢ | i |PSisd4,=250 BI 1.1 | May be implied by following answer
G | solution is of the form An =D x a@"+ Ex "+ ..
“Zesnoeal"a solution s oF fae form e h Mt |31 Accept statement that & and f are both positive and
. “* | Jess than 1
where « and fare positive and less than 1
Hence both @” and " — 0 Al 24 | If calculated, @ and £ must be correct
Note that & =3(0.9++/0.41)=0.77 and
B=5(09-+041)=0.3
(D =375+ 25;% ~ 894.27776 and E = 375 — Z:’% =
. N —144.27776)
An— 250 Al | L1 | FT fromPS
SC1 X=0.9X-0.1X + 50, so X =250
BIM1AOAL is possible
14]
.
3 a r _ 17 r
( ) l'rH-E - IJb—l +klr| Bl 33
(1)
(b) AP —1-024=0=>2=..(12,-0.2) Ml 1.1b
Vo=a(12)" +b(-02) Al 2.2a
} 1 1 2 2
65=a(12) +b(-0.2)  and  7l=a(l.2) +5(-0.2) Blft | 34
78=1.44a-0.24b - 0.28h = b Mi 21
-g. = /==l = 0=.. -
71=1.44a+0.04b
a=50,b=-25=V,=50(12) -25(-0.2)"* Al* | Llb
)
N ;
© 50(12)" >10°=> N =... MI | 3.1b
= N =355 ie. month 55 Al 3.2a
(2

(8 marks)



12.

Auxiliary equation is 9r* —12r+4=0,s0 r=... M1 l.1b
(Br-2)° =03»r=§ is repeated root. Al 1.1b
o 2 2y 2y
Complementary function is x, = (A+ Bn) 3 or A 3 +Bn 3 M1 2.2a
Try particular solution 21
y, =an+b=9(a(n+2)+b)—12(a(n+1)+b)+4(an+b)=3n Mi :
=an+6a+b=3n=a=..b=_. dM1 | 1.Ib
a=3,b=-18 Al l.1b
General solution is u, =x, +y, =(A+ Bn)(%) +3n-18 Bift | 2.2a
2
u, :1:1:[5}(A+B)—15
A A=..,B=.. M1 2.1
u,=4=4-= [EJ(A+ 2B)-12
2 n
u, :12(n+1)(§J +3n—18 oe Al 1.1b
®

(9 marks)



(a) 1°- 21 +1=0Pb 1 = .{A=1} M1 1.1b
u, =A+Bn Al 2.2a
Uy = p(2)" = p(2)" = 2p(2)" " —u(@)" 2+ (2"
= 4u(2)"% = 4u(2)"2% — u(2)"% + 4(2)"2 Ml 1.1b
= u=..{4}
u, =A+Bn+4(2)" oru, = A+ Bn + (2)"*? Al 1.1b
C))
(b) Uses the information to find the values of the constants
For example
Ug =2 = A+4=2(A+B+4(2))=...{A+ 2B = —-12}
u, =3u, = A+ 4B +'4'(2)* = 3(A + 2B + 4(2)%) =...{2A + 2B
= 16}
Solves simultaneous equations to find values for 4 and B.
Alternatively M1 3.1a
u, = 2u; —uy + 2% = uy —uy + 4 = 4 leading to u, = 3u, =
3x4=12
4 A+ 4 A+4
Uz = 2U; — Uy + 2 =2x4—(T)+B=16—(T)
A+4
uy, =2U3 —u, + 24 =2 16—(7) —4+16=12
Leading 4 =...u, = '28'+2B+4(23) =4=B =...
u, =28 —20n + 4(2)" or u,, = 28 — 20n + (2)"*? Al 1.1b
(2

(6 marks)



14.

A2=2A—%=}3A2—6)\+4=0=}A=... Ml | L1b
_6+436-48 3+iv3_ 2 (V3 1.)_243 -z Al | LD
6 3 f3l272 3 '
CFis u, =4 33 +B 3-iV3 0.e
3 3
Alft | 22a

o (28] o2} 002

u, =kn+!:~»,-'c(n+2)+f=Zk(n+l]+2:'—%(kn+f)+n

1 ) M1 1.1b
::-(l—gkjn—?f:ﬂ:k=...,I=... (k=3.,01=0)
u =A(3+IJ§] +B[3_N§] +3n o.e.
’ 3 3
AY Al 1.1b
or u, = [E] (Pcas[ﬂ)+gsin(ﬂ)]+3n
3 6 6
u,=1=A+B=1 3
1
—=0=>4=...B=..
u =4=> A+B+(A- B)h’/_ DA
u,=1=P+00=1 M1 3.la

42 ﬁ Q) (=>P=.=20=.
Hl—4=?J§[ 5 +2)_1

Solves simultaneous equations to find values for 4 and B or P and Q

(A:B:%ur P:l,Q:D]

1(343) 1(3-iv3)
== - In o.e.
2( 3 J’fz[ 3 ]+”“ Al 1.1b

Or u, ={&] cc-s[ Jw‘)+3~ﬂ
3 6

(7

(7 marks)



i(a) u, =1 as thereis only one way to go up one step B1 24
u, =2 as there are two ways: one step then one step or two steps Bl 24
If first move is one step then can climb the other (n-1) stepsin u,_,
ways. If first move istwo steps can climb the other (n-2) steps in Bl 2.4
U, , Ways so U, =U,,+u,,
3)
(b) Sequence begins 1, 2, 3, 5, 8, 13, 21, 34,... so 34 ways of climbing
Bl 1L.1b
8 steps
(1)
(9 To find general term use u, =u_, +u_, gives 1’ =A+1 M1 2.1
1+4/5
This has roots +TJ_ Al | 11b
1445)  (1-45)
So general form is A[JrTJ_] +B(TJ_J M1 2.2a
Uses initial conditions to find A and B reaching two equationsin A
M1 1.1b
and B
1+4/5 1-+/5
Obtains A= —J_ and B=- —J_ and so when n =400
s 25
o w Al* | 11lb
obtains —— L) (145 ),
NI 2
(5)

(9 marks)



